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We discuss a recently presented boosted Kerr black hole solution which had already been used
by other authors. This boosted metric is based on wrong assumptions regarding asymptotic inertial
observers and moreover the performed boost is not a proper Lorentz transformation. This note aims
to clarify some of the issues when boosting black holes and the necessary care in order to interpret
them. As it is wrongly claimed that the presented boosted Kerr metric is of Bondi-Sachs type, we
recall out some of the necessary requirements and difficulties, when the casting the Kerr metric into
a metric with a surface forming null coordinate.
I. INTRODUCTION
Boosted black holes are relevant in gravitational
physics. For example, the final black hole remnant of
a binary black hole merger is in general boosted with re-
spect to the rest frame of the two initial black holes.
This property has important bearing for gravitational
wave physics as is gives rise for an additional observ-
able in gravitational wave astronomy – the gravitational
wave memory [1–5], which is the permanent displacement
of test masses after the passage of a gravitational wave.
This memory effect can be decomposed into a two parts
- an ordinary or linear memory effect related to a boost
[6, 7] and a null memory effect related to the loss of en-
ergy of the radiating system by massless particles (elec-
tromagnetic radiation [8, 9], neutrinos [10] or gravitons
[4])1. In particular, the extraction of physical observables
like the gravitational wave memory as well as the “classi-
cal” observables like gravitational radiation [11, 12], lin-
ear and angular momentum [13–15] at null infinity needs
to be done in a generalization of an inertial frame. These
frames at null infinity are tied to a particular null tetrad
and called Bondi frames. The corresponding coordinates
are the Bondi coordinates. Bondi frames are in general
related to one another by transformations of the Bondi-
Metzner-Sachs (BMS) group [16], which include the in-
finite dimensional subgroup of supertranslations. These
supertranslations relate different cross sections (“cuts”)
of null infinity with each other. Their existence prevents
to single out a canonical Poincare sub-group at null infin-
ity. However for stationary metrics, like the Kerr metric,
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1 The list of references on gravitational wave memory physics is
by far not complete, since this is not a review note on gravita-
tional wave memory. We apologize for our arbitrary choice of
references.
there exists a canonical way to set a preferred Poincare
subgroup based in the notion of good cuts[17] or its gen-
eralization through nice sections [18].
Since a boost in Special Relativity is done with respect
to observers in inertial frames, it is clear that an asymp-
totic boost in an asymptotically flat spacetime ought be
done a with respect to an associated Bondi frames. No-
tably, an expression for the Kerr metric approaching a
Bondi frame is not known in an explicit closed analytic
form. One of the reason is that the principal null direc-
tions of the Kerr solution are twisting. Meaning they
do not generate null surfaces. Therefore, it is not a
simple task to construct a Bondi-like coordinate system.
For the asymptotic analysis, a way to approach a Bondi
frame for the Kerr metric at null infinity was archieved
in [19] by introduction of a set of hyperboloidal coor-
dinates. These coordinates are defined with respect to
hypersurfaces that are null at null infinity and spacelike
in its neighborhood.
Recently, an algorithm to construct boosted Kerr black
hole solutions was presented in the peer-reviewed refer-
ences [20, 21]. In the first work [20], the author presents a
simplified analysis, where the Kerr black hole is boosted
along z−axis, only. The subsequent article [21] covers
the general boost in arbitrary directions. In both situ-
ations, the author claims that these solutions represent
boosted Kerr metrics as “seen” by an asymptotic inertial
observer. The proposed mechanism seems to be simple.
Thus, making it favorable to use, if physical effects of
moving rotating black holes ought to be studied. Indeed,
follow up work of other authors [22, 23] using these met-
rics seems to validate them.
We analyze the metric presented in [20] in greater de-
tail and clarify some of the issues arising from a mis-
understanding of the meaning of an asymptotic inertial
observer. As the mechanism for the boost in [21] uses
the same (but more sophisticated) techniques, the faulty
assumptions are taken over from [20] to [21]. Therefore,
the main results of [21] can be questioned from the same
2grounds. We will further show that for the metric pre-
sented in [20] (and consequently also for the proposed
extension in [21]), it can not be deduced that it is the
coordinate representation of a boosted Kerr metric with
respect to an asymptotic Lorentzian observer. In particu-
lar, the discussed metrics contain an incomplete piece of a
Lorentz transformation in a certain sense. More precisely,
the coordinate representation of the ‘boosted Kerr met-
rics’ in [20, 21] only make use of an angular coordinate
transformation of the original Kerr metric that could be
thought as associated to an asymptotic Lorentzian ob-
server. However, the additional transformations of the
timelike and radial coordinates are yet missing. There-
fore, the chosen coordinates do not represent adapted
coordinates with respect to an inertial observer. Con-
sequently, care must be taken in the interpretation of
the ‘boosted’ Kerr metrics of [20, 21], because without
the necessary care it can give rise to wrong results with
respect to the physics related to moving black holes as
measured by asymptotic inertial observers. For exam-
ple, physical effects of a boosted rotating Kerr black
hole (with respect to the proper asymptotic observer)
do not differ at leading order from those of a boosted
Schwarzschild black hole. This is clear, because for large
values of the (proper) radial coordinate r, the effects of
the spin of the black hole enter at higher order of a 1/rn
expansion than those resulting from the mass. There
exist several ways to present a boosted Schwarzschild
black hole in the literature. Some (e.g. [24]) use prop-
erly adapted coordinates to asymptotic inertial observers,
while other make usage of non-inertial coordinates, as for
example in terms of Newman-Unti coordinates, which in
general do not conform an inertial (Bondi) frame [25].
In the last case, extra work and significant machinery
is needed in order to extract physical information (see
e.g. [14] or [26]). Another effect that cannot be repro-
duced by [20, 21] in a straightforward way is the fact
that the comparison of an un-boosted Kerr black hole in
its distant past with its boosted version of it in its dis-
tant future gives rise a gravitational wave memory and a
corresponding supertranslation [7].
II. FAULTY POINTS IN THE BOOSTED
SOLUTION
Here we point out the inconsistencies in [20, 21] that
do not capture the physics of asymptotic Lorentz trans-
formation. In particular, we show that the mentioned
solution can be easily obtained from a simple coordinate
transformation in the angular directions applied to the a
original Kerr metric.
With respect to coordinates x˜α = (u˜, r˜, θ˜, φ˜), the out-
going Eddington-Finkelstein form of the Kerr metric is
given by [27]2
ds2 =
(
r˜2 + a2 cos2 θ˜
)(
dθ˜2 + sin2 θ˜dφ˜2
)
− 2
(
du˜ + a sin2 θ˜dφ˜
)(
dr˜ − a sin2 θ˜dφ˜
)
−
(
1−
2mr˜
r˜2 + a2 cos2 θ˜
)(
du˜+ a sin2 θ˜dφ˜
)2
, (1)
where m is the mass and a the specific angular momen-
tum. In [21], the most general ‘boosted’ version of this
metric with respect to coordinates (u, r, θ, φ) is presented
as (eq. (27) in [21])3
ds2 =
r2 +Σ2
K2
(
dθ2 + sin2 θdφ2
)
+
(r2 − 2mr +Σ2
r2 +Σ2
)[
du− 2L cot
(θ
2
)
dφ
]2
−2
[
du− 2L cot
(θ
2
)
dφ
]{
dr +
a
K2
[−n1 sin
2 θ + (n2 cosφ+ n3 sinφ) sin θ cos θ]dφ+
a
K2
(n2 sinφ− n3 cosφ)dθ
}
(2)
2 Note, here are some corrections to the original form in [27]. The
corrections are pointed out by Kerr himself in [28]. In particular,
the positive sense of rotation is used. Moreover, in Kerr’s original
paper the advanced(!) time is called u [29]. Kerr’s original paper,
should be corrected using u→ −u and a→ −a.
3 Note, some slight change in notation to be in tune with stan-
dard notation for the Kerr metric; to obtain (2) in [21] make the
following substitutions: a→ ω, A→ a, B → b.
where
K = A+B(xˆini) , A
2 −B2 = 1 (3)
Σ = a
B +A(xˆini)
A+B(xˆini)
(4)
L =
(1− cos θ
sin θ
)( a
2B2
−
∫
Σ
K
sin θdθ
)
, (5)
with the general direction of the boost ni = (n1, n2, n3)
that is subject to δijn
inj = 1, the rapidity ζ to
determine A = cosh ζ and B = sinh ζ, and xˆi =
(cos θ, sin θ cosφ, sin θ sinφ). In [21, page 4] it is claimed
3that “For n2 = 0 = n3 and B = 0 the metric(27)
4is
the original Kerr metric in retarded Bondi–Sachs–type
coordinates.” In addition, in [21] is also claimed that
“The derivation and interpretation of this solution will
be framed in the Bondi-Sachs (BS) characteristic formu-
lation of gravitational wave emission in general relativity,
where we have a clear and complete derivation of physi-
cal quantities and its conservation laws...”. Both state-
ments are not true: regarding the former, an expression
for the Kerr metric in explicit closed form in Bondi-Sachs-
type coordinates is not known. Concerning the latter,
a retarded Bondi coordinate system is characterized by
a surface forming null coordinate uˆ such that null hy-
persurfaces uˆ = const are generated by a null geodesic
congruence ℓµ = (duˆ)µ reaching future null infinity J
+.
Consequently, guˆuˆ = 0 is a necessary condition be sat-
isfied by the coordinates. It is easy to see that this is
not the case for the coordinates used (2). An equivalent
statement for the existence of such one-form ℓµ is that
for defining a metric be of Bondi-Sachs type, it has to
obey the conditions grr = grθ = grφ = 0 [12], which are
violated in (2) by the the presence of term grφ. What
the author wishes to say is that then the Kerr metric in
its out-going Eddington-Finkelstein form is recovered.
If the parameter a = 0, the metric (1) reduces to the
Schwarzschild solution expressed in outgoing-null polar
coordinates (Eddington-Finkelstein):
ds2 =−
(
1−
2m
r˜
)
du˜2 − 2du˜dr˜ + r˜2
(
dθ˜2 + sin2 θ˜dφ˜2
)
,
(6)
Hereafter, we concentrate on the presentation in [20]
since all of our arguments can be extended to show the in-
validity of [21] for general “boosts” with using the proper
adaptations .
For large values of r˜ on hypersurfaces u˜ = const (1)
takes the form
ds2 =
(
r˜2 + a2 cos2 θ˜
)(
dθ˜2 + sin2 θ˜dφ˜2
)
− 2
(
du˜ + a sin2 θ˜dφ˜
)(
dr˜ − a sin2 θ˜dφ˜
)
−
(
du˜+ a sin2 θ˜dφ˜
)2
+O
(m
r˜
) (7)
which is a flat metric as can be shown by calculating the
(vanishing) components of the Riemann tensor at leading
order.
Next, we recall: given the standard Minkowski met-
ric ηab = diag(−1, 1, 1, 1) in Cartesian coordinates x˜
µ =
(t˜, x˜i), its coordinate representation for an inertial ob-
server in outgoing null coordinates in a rest frame fol-
lows from the coordinate transformation, t˜ = u˜ + r˜,
r˜2 = δij x˜
ix˜j , x˜i = (r˜ sin θ˜ cos φ˜, r˜ sin θ˜ sin φ˜, r˜ cos θ˜) and
has the form
ds2 = −du˜2 − 2du˜dr˜ + r˜2
(
dθ˜2 + sin2 θ˜dφ˜2
)
, (8)
4 Our Eq. (2).
see e.g. [19, 30] for a recent discussion regarding boosted
black holes and inertial frames. Metric (8) is the inertial
metric ηµν in outgoing polar null coordinate. If a general
metric in outgoing null coordinates approaches the par-
ticular form of (8) at large distances from the source, it
is said that the asymptotic observer is in a Bondi frame
[11, 12, 31].
It is obvious that the leading order term of (7) is cer-
tainly not such Minkowski metric for a 6= 0. That is,
if a 6= 0, the coordinates used in (7) do not correspond
those of an inertial observer. However, setting a = 0,
i.e. considering a non-rotating Kerr black hole a.k.a. the
Schwarzschild black hole, (7) corresponds to the metric of
an asymptotic inertial metric in null coordinates. Here-
after, we start considering the procedure of [20] assum-
ing a = 0 and show that even in this case the result-
ing boosted Schwarzschild metric is not properly boosted
with respect to an asymptotic observer in the associated
inertial Bondi coordinates.
The “boosted” Schwarzschild metric of [20] (equation
(23) in [20] with a = 0) is
ds2 =
r2(dθ2 + sin2 θdφ2)
(A+B cos θ)2
− 2dudr −
(
1−
2m
r
)
du2.
(9)
The first thing to note is that this metric is easily ob-
tained by a simple change of only one of the angular
coordinates in (6). This is achieved by setting a = 0 in
(1) and performing the coordinate transformation
u˜ =u , r˜ = r , φ˜ = φ.
cos θ˜ =
B +A cos(θ)
A+B cos(θ)
,
(10)
where A2 − B2 = 1. According to [20], the functions
A and B relate to the boost velocity β like β = B/A
and the rapidity parameter ζ like A = cosh ζ and B =
sinh ζ. Moreover, it is never mentioned in [20] that their
“boosted” Kerr metric in their equation (23) can be eas-
ily obtained applying the same transformation (10) to
the Kerr metric (1), which is reproduced here for com-
pleteness
ds2 =
r2 +Σ2
(A+B cos θ)2
(dθ2 + sin2 θdφ2)
− 2
[
du +
a sin2 θ
(A+B cos θ)2
dφ
][
dr −
a sin2 θdφ
(A+B cos θ)2
]
−
(
1−
2mr
r2 +Σ2
)(
du+
a sin2 θdφ
(A+B cos θ)2
)2
;
(11)
where Σ = a(B+A cos θ)(A+B cos θ)−1. In other words,
despite the claim of [20] that the ‘boosted’ Kerr metric
(11) is obtained as an exact stationary analytic solution,
we remark that it is just the original Kerr metric in dif-
ferent angular coordinates. We further note and demon-
strate below that (10) is not a proper asymptotic Lorentz
transformation, since a Lorentz transformation does not
4only change the angular coordinates, but also the tem-
poral and radial coordinates. In particular, the asymp-
totic Lorentz transformation maps one asymptotic iner-
tial metric ηµν(x˜
α) to another asymptotic inertial metric
ηµν(x
α).
It means that for large values of r, any asymptotically
flat metric in Bondi coordinates {u, r, θ, φ} transforms to
{u˜, r˜, θ˜, φ˜} under the BMS group (an in particular under
a Lorentz subgroup) like
− du˜2 + 2du˜dr˜ + r˜2(dθ˜2 + sin2 θ˜dφ˜2) +O(1/r˜)
=− du2 − 2dvdr + r2(dθ2 + sin2 θ˜dφ2) +O(1/r).
(12)
For simplicity, consider a boost in z direction at
large distances. Let {t˜, x˜, y˜, z˜} the un-boosted Carte-
sian coordinates, {t, x, y, z} the boosted Cartesian co-
ordinates and (r, θ, φ) be the associated spherical coor-
dinates in the boosted system with r2 = δijx
ixj and
xi = (r sin θ cosφ, r sin θ sinφ, r cos θ)).
Taking t˜µ∂µ = ∂t˜ as tangent vector to the world lines
of the un-boosted observers, corresponding boosted ob-
servers are tangent to vµ = γ(1, βi) with γ = −vµt˜µ =
(1− δijβ
iβj)−1/2, so that the Lorentz transformation for
the coordinates xµ → x˜a and the radial functions r → r˜
are given by [32]
r2 → r˜2= xαxα + (v
αxα)
2 (13)
xµ → x˜µ= xµ +
[tνxν − (2γ + 1)v
νxν ]t
µ
1 + γ
+
[tνxν + v
νxν ]v
µ
1 + γ
. (14)
For a (inverse) boost in z−direction with βx = βy = 0
and βz = β, we find the relations
u˜ = γ
[
u+ r(1 + β cos θ)
]
−r
√
1 + γ2
(
u
r
+ 1 + β cos θ
)2
−
(u
r
+ 1
)2
(15)
r˜ = r
√
1 + γ2
(u
r
+ 1+ β cos θ
)2
−
(u
r
+ 1
)2
(16)
cos(θ˜) =
z˜
r˜
=
γ[cos θ + β(ur + 1)]√
1 + γ2
(
u
r + 1 + β cos θ
)2
−
(
u
r + 1
)2 , (17)
φ˜ = arctan
( y˜
x˜
)
= arctan
(y
x
)
= φ, (18)
between the un-boosted and boosted versions of the null
coordinates (u˜ = t˜ − r˜, r˜, θ˜, φ˜) → (u = t − r, r, θ, φ). For
large distances (keeping u, θ and φ) fixed) (15) - (18)
reduce to
u˜ =
u
K(θ)
+O
(1
r
)
; , r˜ = K(θ)r +O(r0), (19)
cos(θ˜) =
β + cos(θ)
1 + β cos(θ)
+O
(1
r
)
, φ˜ = φ, (20)
with K(θ) = γ(1 + β cos θ). Note, that the first part of
(20) is the commonly known relativistic aberration for-
mula. Relations (19) and (20) are the asymptotic Lorentz
transformation for a boost along the z−axis. This trans-
formation is a subset of a larger transformation, which
conform the BMS group. In fact, the BMS group is ob-
tained in a more general framework by requiring a corre-
spondent asymptotic behavior of the metric components
when they are expressed in a Bondi system [11, 12, 31],
and also in a geometrical way (see for example [33]).
It is not difficult to check that this Lorentz transfor-
mation applied to (1) with a = 0 maps the metric of
an asymptotic inertial observer in coordinates x˜µ to the
metric of an asymptotic inertial observer in coordinates
xµ, as required by (12)5. The main point, we stress here,
is that to make a Lorentz boost, a transformation in the
u˜ and r˜ coordinates is needed. However, Eqs.(5) do not
contain this part of the Lorentz transformation. There-
fore, despite the claims of [20], the metric presented in
that reference is not a properly boosted Kerr metric with
respect to the adapted coordinates of an asymptotic iner-
tial frame, since the needed transformations are not even
completely carried-out in the Schwarzschild limit. More
generally, discarding supertranslations, BMS transforma-
tions in a neighborhood of null infinity can be written in
terms of stereographic coordinates (whose relation to the
standard spherical coordinates is ζ = eiφ cot( θ
2
)) as6
u˜ =
u
K(ζ, ζ¯)
+O
(1
r
)
; , r˜ = K(ζ, ζ¯)r +O(r0), (21)
ζ˜ =
aζ + b
cζ + d
+O
(1
r
)
, (22)
where {a, b, c, d} are four complex parameters subject to
the constraint ac− bd = 1 and K(ζ, ζ¯) is given by [34]
K(ζ, ζ¯) =
(aζ + c)(a¯ζ¯ + c¯) + (bζ + d)(b¯ζ¯ + d¯)
1 + ζζ¯
. (23)
We remark that the “generally boosted” Kerr metric pre-
sented in [21] can also be obtained from the Kerr metric
(1) via the particular angular transformation (22) asso-
ciated to a general boost. However, as mentioned above,
even in that situation this transformation is not suffi-
cient to express the metric in a Bondi system. Extra
transformations are necessary, because for a Bondi sys-
tem u must be a null surface forming coordinate, i.e.
u = const should define surfaces generated by null vec-
tor fields reaching J+. This is not the case for the u
coordinate present in [20, 21].
5 To check this map, expressions for the O(r−1, r0) terms in (19)
and (20) are also needed. They can be easily found from (15)-
(17).
6 In fact, the BMS group is defined at null infinity and is given
only for the part of the transformation for the null coordinate
and the angular coordinates charting null infinity. The exact
transformation of the radial coordinate depends of the kind of
radial coordinate, which may be e.g. an area distance coordinate
or an affine parameter.
5In the Schwarzschild case of (9), the u = constant
hypersurfaces are indeed null surfaces reaching null in-
finity. Nonetheless, the coordinates are not realizing a
Bondi coordinate system either. In fact, (9) is expressed
in a so called Newman-Unti coordinates (NU)[35]. More
precisely, in terms of stereographic angular coordinates
the metric is a particular case of a more general family of
metrics known as Robinson-Trautman geometries given
by[25]
ds2 =r2
dζdζ¯
(P0V )2
− 2dudr −
(
1−
2m
r
+
V,u
V
r
)
du2,
(24)
with P0 = 1 + ζζ¯, V = V (u, ζ, ζ¯) and m = m(u). These
metrics belong to the class of Robinson-Trautman solu-
tions defined by the property that they admit a geodesic,
shear-free and twist-free but expanding null congruence.
Regarding (9), we have m,u = 0 and
V = A+B cos θ = A+B
ζζ¯ − 1
1 + ζζ¯
, (25)
showing that also V,u = 0. Moreover, the coordinates
{u, r, ζ, ζ¯} correspond to a Bondi system only if V = 1
(rest frame). Note, we are not saying that the metric (24)
could not be interpreted as a boosted black hole; what
we are saying is that if these NU coordinates are used
we must yet to relate it to a Bondi system in order to
extract physical quantities. For example, as discussed in
[13], the total linear momentum Pα for the metric (24)
can be computed in a non-Bondi system from the formula
Pα =
∫
m
V 3
ℓˆadS2 (26)
with dS2 the surface element of a unit sphere and
ℓˆa =
(
1,
ζ + ζ¯
1 + ζζ¯
,
ζ − ζ¯
i(1 + ζζ¯)
,
ζζ¯ − 1
1 + ζζ¯
)
. (27)
Note that this expression was also correctly used in [21]
to compute the four-momentum of its metrics.
However, some of the analysis carried out on the met-
rics [20, 21] is misleading. For example, the location of
the horizon for the ‘boosted’ metric (11) is measured to
take the same value as in the Kerr metric. This was in-
terpreted as being a consequence that a boost does not
change null surfaces. It is true that boosts do not dis-
tort null surfaces, but its coordinate representation for
an asymptotic boosted inertial observer, however, would
be in general different. The reason why the coordinate
location of the horizon for the ‘boosted’ Kerr metric (11)
takes the same value as in the Kerr metric is because
the radial coordinate was not changed by the coordinate
transformation (c.f. (10)). Notwithstanding, it is well-
known that the shapes of the boosted vs. unboosted hori-
zon is coordinate dependent (see. e.g [36, 37]). We note,
if we were to attempt a similar procedure as in [20, 21]
for the location of a photon sphere Sph in the boosted
Schwarzschild metric (9), we would find it placed at the
same radial coordinate r = 3m as in the un-boosted black
hole, even when for this case the surface Sph is not a
null hypersurface.7 Again, it is only because of we are
not properly transforming the radial and timelike coor-
dinates.
In [20], it is claimed that “The boosted Kerr geome-
try also presents an ergosphere,...”; this is not surprising
at all because [20]’s metric is the Kerr metric after the
coordinate transformation (10). The coordinate expres-
sion for the ergosphere of [20, 21] shows a most complex
dependence from the angular coordinates. Again, the
relevant expression is analyzed by using the un-boosted
(Kerr) radial coordinate and the ‘boosted’ angular co-
ordinates. That is, there is again no proper use of the
associated ‘boosted’ radial coordinate.
In any case, the geometrical definition of the ergo-
sphere of the Kerr black hole is given by the set of
points, where the (global) timelike Killing vector ∂∂u be-
comes a null vector. This is a geometrical (coordinate-
independent) definition. However, it is clear that for the
analysis of ergosphere of a boosted Kerr black hole by
an asymptotic observer, associated inertial coordinates
{u, r, θ, φ} should be used instead of the mixed set of
coordinates {u˜, r˜, θ, φ} like in [20, 21].8
We also stress the well known fact that Kerr’s original
metric does not approach the Minkowski metric of an in-
ertial observer for large radii (also seen in (7)). Hence,
it ought not be used for the discussion of physical effects
resulting from a comparison of boosted and un-boosted
black holes in the asymptotic regime. In fact, to unam-
biguously define a boost, an inertial observer needs to
be able to singled out, so that it is clear with respect to
which rest frame the boost is performed. Henceforth, one
wishes to cast the black hole metric gµν to be boosted into
a form like gµν = ηµν + gˆµν where ηµν is the Minkowski
metric and gˆµν is a function of the coordinates. Such a
representation of gµν can be obtained two different ways:
(i) a linearization and (ii) finding a Kerr-Schild repre-
sentation of the black hole metric. The linearisation (i)
covers three branches. One realisation of (i) is the in-
troduction of a “smallness” parameter ǫ measuring the
deviation from flat spacetime (i.e. 0 ≈ ǫ ≈ |gˆµν | for
every component of gˆµν). The second realisation is the
assumption that at given distance from the black hole an
inertial observer is introduced and Fermi normal coordi-
7 The same could be said for other special orbits, as for example
the inner stable circular orbit (ISCO) of a test massive particle.
8 It is worthwhile to emphasize that for an asymptotic observer
there exists another notion of (observer dependent) ergosphere
based on the asymptotic Killing vector aligned with the asymp-
totic observer, which again should be expressed in adapted coor-
dinates of this observer (See for example [38] where an analysis of
these ‘resulting ergospheres’ of boosted Schwarzschild black hole
can be found). Let us note that for the metric (9) these kind
of ergospheres of [38] can not be obtained from the procedure
followed by [20, 21].
6nates [39] are constructed around the worldline of the ob-
server. While the third realization is assuming that in a
given hypersurface of the corresponding spacetime there
is a (radial) function r constructed from the local coor-
dinates. This coordinate should have the property that
for large values of this function the metric approaches a
Minkowski metric (i.e. gˆµν becomes small for r→∞) In
fact, the Boyer-Lindquist form as well as the Kerr-Schild
form of the Kerr metric have this property for large val-
ues of r.
On top of that, Kerr-Schild metric have the property
that the metric is written as gµν = ηµν +Hkµkν , where
H is a scalar function and kµ is a null vector with respect
to ηµν and gµν . Such ansatz was, in fact, first used by
Trautman in the study of radiative spacetimes [40] and it
was crucial for finding of the Kerr solution [28]. In partic-
ular, it had recently been pointed out that the spacetimes
of the Schwarzschild and Kerr black hole in Kerr-Schild
form have not only one inertial frame serving as a back-
ground spacetime to define a boost, but two9 [19, 30].
These two Minkowski backgrounds are tied to the outgo-
ing and outgoing principal null directions of the respec-
tive metric in Kerr-Schild form. The inertial coordinates
of these Minkowski backgrounds transform between each
other via a non-linear coordinate transformation. Indeed
it was shown in [7, 19, 30] that for the correct value of
the boost memory at future null infinity, the discussion
of the boost must be done in the Minkowski background
of the ingoing formulation.
For a Schwarzschild/Kerr black hole which is initially
at rest and then ejected with mass m and velocity β
along the z−axis, the boost memory at null infinity is
[4, 7, 19, 30]
∆σ =
4γmβ2 sin2 θ
1− β cos θ
. (28)
The supertranslation α relating the retarded time cuts
cuts u =∞ and u = −∞ at null infinity is [7]
α = 4mγ(1− β cos θ) ln(1− β cos θ) (29)
Above relations (28) and (29) can by no means be repro-
duced from expression (11).
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